We show that the entropy of D-dimensional Schwarzschild black holes are given by the entanglement entropy of a boundary of global AdS 2 space that lives at asymptotic infinity. We dimensionally reduce General Relativity to two dimensions which leads to 2D dilatonic gravity which has black hole solutions with the same thermodynamics as D-dimensional Schwarzschild black holes. These dilatonic black holes can be transformed into certain AdS 2 black holes by Weyl transformations which are symmetries of the theory that preserve the thermodynamics.
Introduction
It is widely believed that the degrees of freedom that describe black hole entropy live near or on the black hole horizon. This follows from the holographic principle [1] that postulates that the gravitational degrees of freedom that describe the physics in a region live on its boundary. For a black hole this boundary is the horizon. Thus, almost every desription of black hole entropy is basically a description of the horizon or the near horizon region. However, there is another notion of holography in which the degrees of freedom that describe the physics in a region are located on a screen that is far away, e.g. at asymptotic infinity. The celebrated AdS/CFT correspondence [2] which is the only explicitly holographic theory that exists is an example of this version of holography. An AdS black hole is described by degrees of freedom on the AdS boundary, i.e. the screen and not those on its horizon.
Recently, an attempt was made in ref. [3] Two space-times which are related by a Weyl transformation (in addition to any coordinate transformation) and have the same temperature and entropy have the same thermodynamics. The results of ref. [3] crucially depend on the conjecture that the microscopic entropy counting is the same in such space-times. However, it is well-known that General Relativity(GR) is not symmetric under Weyl trans-formations [4] . Therefore the space-times generated by a Weyl transformation from the Schwarzschild metric are not solutions of GR. Thus, the approach of ref. [3] is problematic. Moreover, it is surprising that the entropy of Schwarzschild black holes which are thermal ensembles is given by the holographic entanglement entropy of global AdS 2 which is a zero temperature quantum effect in the vacuum.
In this paper, we relate D-dimensional Schwarzschild metrics to asymptotically AdS 2 spaces in a way that does not suffer from the fact that GR is not Weyl invariant. We first dimensionally reduce D-dimensional GR to two dimensions which results in 2D dilatonic gravity as an effective theory that describes the s-wave sector of GR. Two dimensional gravity is Weyl (or conformal) invariant since in two dimensions Weyl transformations are just diffeomorphisms. In fact, after imposing the gravity constraints on the 2D metric, the only diffeomorphisms left are the Weyl transformations. The thermal properties such as the temperature and entropy of two dimensional dilatonic black holes are invariant under Weyl transformations [5] .
Thus, 2D dilatonic black holes are divided into conformal classes with the same thermodynamics. In this paper, as in ref. [3] , we will assume that 2D black holes in the same class have the same microscopic entropy counting.
The two dimensional dilatonic gravity theory that is obtained from the dimensional reduction of D-dimensional GR has black hole solutions that correspond to the D-dimensional Schwarzschild black holes with the same temperature and entropy [6] . Using Weyl transformations these can be transformed into certain AdS 2 black holes. In the asymptotic, r → ∞ limit of the original Schwarzschild coordinates these become global AdS 2 spaces. Then, as in ref. [3] , the D-dimensional Schwarzschild black hole entropy is reproduced by the holographic entanglement entropy of one of the boundaries of global AdS 2 . On the other hand, global AdS 2 can also be described as an entangled state of a pair of AdS 2 Rindler spaces which is basically the description of AdS 2 in an accelarated frame. Each Rindler space is described by one of the boundaries of global AdS 2 . An AdS 2 Rindler space is just an AdS 2 black hole with a radius equal to that of AdS 2 . Thus, the entanglement entropy of a single, entangled AdS 2 Rindler space is simply the entropy of this black hole which reproduces the Schwarzschild black hole entropy. This paper is organized as follows. In the next section, we describe the 2D dilatonic gravity, its black hole solutions and their Weyl transformations. In section 3, we transform these black holes into certain AdS 2 black holes. In section 4, we show that, in the asymptotic limit of the original Schwarzschild cordinates, these spaces reproduce the correct Schwarzschild black hole entropy either as the holographic entanglement entropy of global AdS 2 or the entanglement entropy of a pair of Rindler AdS 2 spaces. Section 4 contains a discussion of our results and our conclusions.
D = 2 Dilatonic Gravity and Black Holes
We begin with a brief review of D = 2 dilatonic gravity, its black hole solutions and Weyl transformations in this theory. The generic 2D dilatonic gravity action is given by [5] 
where φ is the dilaton and U(φ) and V (φ) are the kinetic and potential functions respectively. This theory has black hole solutions given by the metric and a dilaton profile
with
The functions Q(φ) and ω(φ) are defined by
The black hole horizon is at φ h which satisfies
and the temperature and entropy of the black hole are given by
With the normalization of the action in eq. (1), the two dimensional Newton constant is determined by φ h to be
Under Weyl transformations defined by
the action in eq. (1) becomes
where the transformed kinetic and potential functions are given bŷ
As a result, we find that
Under the Weyl transformation, the form of the black hole solution given by eqs. (2) and (3) remains invariant with r replaced byr which is determined by ∂r = e 2Q(φ) ∂ r and Q replaced byQ. For our purposes it is crucial that ω(φ) is invariant under Weyl transformations. Then, the black hole radius, φ h (or equivalently G 2 ) and thus the black hole temperature and entropy are also Weyl invariant. As a result, the thermodynamics of 2D dilatonic black holes is Weyl invariant. Thus, these black holes are divided into equivalency classes (with respect to Weyl transformations) with the same thermodynamics. In the next section, we will use the invariance of 2D dilatonic black hole thermodynamics under Weyl transformations to describe Schwarzschild black holes in terms of AdS 2 black holes.
Schwarzschild Black Holes and Asymptotically AdS 2 Spaces
In this section, we relate D-dimensional Schwarzschild black holes to certain AdS 2 black holes. We dimensionally reduce D-dimensional GR on S D−2 which results in 2D dilatonic gravity which has black hole solutions that correspond to D-dimensional Schwarzschild black holes. We then Weyl transform these into certain AdS 2 black holes with the same temperature and entropy as the original Schwarzschild black holes.
We begin by reducing D-dimensional GR on S D−2 which describes the s-wave sector of GR in the t and r directions. The dimensional reduction results in 2D dilatonic gravity in which the dilaton parametrizes the volume of the transverse
Consider the D-dimensional Einstein-Hilbert action
where G D , g D and R D are the D-dimensional Newton constant, metric and Ricci scalar respectively. D-dimensional Schwarzschild black holes are described by the metrics
where
We now dimensionally reduce the Einstein-Hilbert action over a (D − 2)-dimensional sphere of radius λr = φ −a where a = 1/(2 − D) by using the ansatz [6] 
where µ, ν = 0, 1 and x 0 = t, x 1 = r. Note that the radius over which we dimensionally reduce the theory is not fixed but depends on the dilaton, φ. The constant λ is proportional to the inverse Planck length
This dimensional reduction results in 2D dilatonic gravity with the action
Here R is the two dimensional Ricci scalar and the dilaton potential is given by V (φ) = (a + 1)φ a . We note that with the normalizaton of the action above, the dilaton is rescaled to be φ = A(S D−2 )/8πG D . The action in eq. (17) has generic black hole solutions given by [6] 
and the linear dilaton profile φ = λr. For a = 1/(2 − D) these correspond to D-dimensional Schwarzschild black holes with horizons at
The mass, temperature and entropy of these black holes are given by [6] 
respectively. By using φ h = A h /8πG D it is easy to see that these precisely match the corresponding quantities for D-dimensional Schwarzschild black holes.
The black hole entropy in eq. (20) can easily be obtained by using the first law of thermodynamics with the Hawking temperature T H = f ′ (r)/4π. One can also, equivalently, obtain the dimensionless Rindler energy, E R , from the near horizon geometry and use the relation S = 2πE R [7] [8] [9] [10] [11] [12] .
We now Weyl transform the theory described by eq. (17) by
. R is a free parameter that parametrizes the global scale invariance of the first two terms in the generic 2D action in eq. (9). Of course the dilaton potential, V (φ), breaks this global scale symmetry so we expect R to appear only inV (φ). Using eq. (9) we can determinê U (φ) andV (φ) and thus the Weyl transformed 2D dilatonic gravity action
Notice that there is now a noncanonical kinetic term for the dilaton and the potential becomes linear just like in the Jackiw-Teitelboim theory [13] which has AdS 2 black hole solutions. Computing the transformedQ(φ) and keeping ω(φ) invariant we find the new black hole solutions given by
with the dilaton profile φ(r) = (ar/R) 1/a . In terms of the new radial coordinater the black hole metric in eq. (23) becomes
The AdS 2 nature of the metric is fixed by the term φ a−1 in the Weyl transformation in eq. (21) whereas the AdS 2 radius, is determined by the free parameter R >> λ.
Notice that, as expected, φ h is the same as in eq. (19) and therefore the entropy (and the temperature) of the black hole in eq. (24) is exactly the same as that in eq. (20) and of the original D-dimensional Schwarzschild black hole. The new black hole radius isr
The physical region for this black hole is given by 0 <r <r BH . This black hole is semiclassical, i.e.r BH >> 1/λ if the original Schwarzschild black hole mass is large enough, i.e. 2M/λ >> (Rλ/a) D−1 . Since R is a free parameter this can be satisfied for any semiclassical Schwarzschild black hole with M >> 1/λ.
We also note from eq. (26) thatr BH < r AdS = (R/λa) 1/2 in the same range of parameters, so the black hole is smaller than the AdS 2 radius. This is expected since these black holes have negative specific heat and are unstable just like the original Schwarzschild black holes.
The limitr → 0 corresponds to asymprotic infinity in the original Schwarzschild coordinates since φ(r) = (ar/R) 1/a with a < 0. Asr → 0, φ → ∞ and the transverse sphere becomes large signaling that we are approaching asymptotic infinity.
Alternatively, we can solve the relation ∂r = e 2Q(φ) ∂ r to findr ∝ r 1/(2−D) which shows that r → ∞ asr → 0.
Schwarzschild Black Hole Entropy from AdS 2
We have shown that the AdS 2 black holes obtanined in the previous section have the same thermodynamics as that of D-dimensional Schwarzschild black holes.
Our main assumption is that if the thermodynamics of these two space-times are the same, then the microscopic entropy counting should also be same. We now
show that the entropy of the AdS 2 black holes (and therefore that of the original D-dimensional Schwarzschild black holes) can be obtained either as the holographic entanglement entropy of a single boundary of global AdS 2 or as the entanglement entropy of a Rindler AdS 2 space entangled with its thermofield double.
We take the asypmtotic limitr → 0 (orr << r BH ) of the AdS 2 black hole metric in eq. (25) . In this limit the black hole disappears. In the boundary theory, this correspons to taking the UV limit in which the finite temperature effects that describe the black hole are negligible. Due to the IR/UV duality, this corresponds to the bulk IR limit. Then, we are left with the metric
with r 0 = (D − 2) R/λ. This is the metric of the Poincare patch of AdS 2 . The coordinate transformation [14] r ± t = tan 1 2
takes the Poincare patch into global AdS 2 described by the metric
In the following, we will use global AdS 2 since the Poincare patch has only one boundary and therefore no entanglement entropy. Global AdS 2 , on the other hand, has two disconnected (one dimensional) boundaries at σ = 0, π and therefore a nonvanishing entanglement entropy which may reproduce Schwarzschild black hole entropy. We are allowed to use the transformation in eq.(29) not only classically but also quantum mechanically since the the Poincare AdS 2 vacuum seen in global coordinates are free of particles and vice versa [15] .
In the AdS 2 vacuum, the degrees of freedom on the two boundaries are entangled [16] . The total Hamiltonian of global AdS 2 is given by
where H 1,2 are the (unknown) Hamiltonians that describe the copies of conformal quantum mechanics living on each boundary. The AdS 2 vacuum is a pure but entangled state given by
where |i > 1 (|i > 2 ) is the N vacuum eigenstates of H 1 (H 2 ). If we are restricted to only one boundary, then we need to trace over the states of the second one. As a result, the state in eq. (31) becomes a mixed state described by the density matrix
The entanglement entropy is then given by [17] 
Using the holographic entanglement entropy formula, S ent can be computed by [18] .
where Area(Σ A ) is the area of the codimension two minimal surface in the bulk, Σ A , such that the boundaries of A and Σ A coincide. In our case, A is one of the pointlike boundaries of AdS 2 and thus the minimal surface is a point in the bulk with Area(Σ A ) = 1. Therefore, using eq. (34) we get [16] 
where we used the relation φ h = 1/8πG 2 . which agrees with eq. (20) radius which in our case is a free parameter. It only depends on G 2 which is not a constant but determined by the size of the AdS 2 black hole in eq. (24) through φ h . Thus, global AdS 2 has a memory of the black hole even though it disappeared in the asymptotic limit.
We found that Schwarzschild black hole entropy can be obtained by the entanglement entropy of pure AdS 2 which lives at asymptotic infinity. This entropy is due to the entanglement of the two boundaries of AdS 2 and thus purely quantum mechanical. It is surprising that Schwarzschild black hole entropy which is a thermal effect corresponds to a purely quantum effect in the AdS 2 vacuum which is at T = 0. This is the same result obtained in ref. [3] by different methods.
However, this result becomes less surprising if we note that global AdS 2 can be seen as an entangled state of two copies of Rindler AdS 2 . In general, global AdS n can be described as an entangled state of two zero mass hyperbolic black holes with the black hole radii equal to the AdS n radius [19] . When their masses vanish, these hyperbolic black holes simply describe Rindler AdS n spaces; i.e. AdS n spaces seen from an accelerated frame with a = 1/r AdS . In our case, since the boundary of AdS 2 is one dimensional, the hyperbolic nature of the boundary is irrelevant. As a result, global AdS 2 is described by two entangled AdS 2 Rindler spaces. This is completely analogous to the well-known description of the Minkowski vacuum in terms of two Rindler spaces (or wedges) in a thermofield double state. By holography, AdS 2 Rindler spaces are described by their boundary theories. Therefore, the AdS 2 vacuum corresponds to the thermofield double state of the two boundary theories
where the sum is over all the (M) states of the boundary theories since the black hole is an excited (or thermal) state, β = 2πr 0 is the inverse Rindler temperature and E i is the energy of state |i >. Again, if we are restricted to only one boundary, then we need to trace over the states of the second one. As a result, the entangled state in eq. (36) becomes a mixed state described by the density matrix
In principle, the entanglement entropy of this mixed state can be computed from the density matrix in eq. (37) or by using the holographic entanglement entropy prespcription as we did for global AdS 2 .
In order to compute the entanglement entropy, we will use the fact that AdS 2
Rindler spaces are just AdS 2 black holes with r s = r AdS . The entanglement entropy of the mixed state in eq. (37) is then given by the entropy of the corresponding black hole.
Consider dilatonic AdS 2 gravity (i.e. the Jackiw-Teitelboim theory [13] ) with the action
where the cosmological constant is given by Λ = −2/L 2 . This theory has dilatonic black holes with the metric [20] 
and the linear dilaton profile φ = r/8πG 2 L where again the normalization of the action in eq. (38) has been taken into account. The black hole horizon is at r s = (2ML 3 ) 1/2 . The mass, temperature and entropy of these black holes are
given by [20] 
Now, consider an AdS 2 black hole with M = 1/2L. The metric then becomes
which is a black hole with r s = L. This black hole metric also describes global AdS 2 given by eq. (30) after the coordinate transformation [14] τ ± σ = 2tan
Eq. (41) actually describes an AdS 2 Rindler space with an acceleration a = 1/L;
i.e. the horizon at r s = L is an accelartion horizon. In order to see this, consider the coordinate transformation ρ = √ r 2 − L 2 that takes the metric in eq. (41) to [21] 
For ρ << L the metric describes Rindler space with a = 1/L whereas for ρ >> L it becomes that of the Poincare patch of AdS 2 .
The entanglement entropy of the two AdS 2 Rindler spaces is the entropy of the black hole in eq. (41). From eq. (40) we get
where in the second equality we used the relation φ h = 1/8πG 2 . This is the correct entropy for the two dimensional dilatonic black hole. The description of the Schwarzschild black hole entropy in terms of two entangled AdS 2 Rindler spaces seems more appropriate than the description in terms of the entanglement entropy of global AdS 2 since the former is a thermal effect whereas the latter is a pure quantum one. We note that the AdS 2 Rindler spaces are at asymptotic infinity in the original Schwarzschild coordinates and not just inside and outside of the horizon in the conventional entanglement entropy approach to black hole entropy.
Conclusions and Discussion
In this paper, we related D-dimensional Schwarzschild black holes to It is well-known that the near horizon geometries of extremal black holes contain an AdS 2 factor [22] which is the origin of their entropies [23] . In this paper, we found that Schwarzschild black holes, with a near horizon geometry that is Rindler space, have an AdS 2 factor which appears in their Weyl transformed asymptotic geometries. It would be interesting to see if there is a relation between these two types of black holes due to the fact that AdS 2 seems to be the source of their entropies.
In all methods of computing black hole entropy, the degrees of freedom are located on the horizon which is consistent with the holographic principle. However,
we showed above that they may also be located at asymptotic infinity. At first thought, this is quite puzzeling. In order to understand how this can make sense, consider a spherical shell that starts to collapse from infinity and forms a black hole. We assume that, at the beginning of the collapse the shell is entangled with degrees of freedom at infinity and the whole system is in a pure state. After the black hole is formed, we lose access to the collapsing shell's degrees of freedom since they are behind the horizon. As a result, we have to trace over them which leaves us with a mixed state at infinity. In this case, the entropy of the black hole is completely due to the entanglement of the shell which is behind the horizon and the degrees of freedom at infinity. Thus, the entanglement entropy of the degrees of freedom at infinity is the entropy of the black hole. Our results constitute suporting evidence for this idea.
Even though we found that the entropy of Schwarzschild black holes is given by the entanglement entropy of two AdS 2 Rindler spaces, we do not have a clear idea about the degrees of freedom that we count. Following the AdS/CFT correspondence, we expect that the boundary of AdS 2 is described by a one dimensional CFT with only a time coordinate, i.e. conformal quantum mechanics [24] which is not well-understood. However, by compactifying the much better understood AdS 3 to AdS 2 (on its boundary S 1 ), this theory was shown to be equivalent to a chiral or light-cone 2D CFT [25] . It seems that one can also count the AdS 2 entropy in certain situations in string theory [26] . The most promising description of the (near) AdS 2 boundary theory seems to be the SYK model [27] . It has many of the properties that belong to black holes such as chaos with a maximal Lyapunov exponent. Needless to say, the nature of the one-dimensional boundary theory dual to AdS 2 is a very important subject that requires further investigation.
It is interesting to compare our results with the more conventional derivation of Schwarzschild black hole entropy as entanglement entropy which has a rich literature [32] . First, the conventional entanglement entropy describes the entangle-ment between degrees of freedom just inside and outside the horizon. In our case, the entangled degrees of freedom belong to two AdS 2 Rindler spaces that live at asymptotic infinity. These are similar to the two Rindler wedges that describe the near horizon region of an analytically extended black hole Penrose diagram but with different asymptotics. Unlike the Schwarzschild black hole case, the AdS 2
Rindler space has a boundary and is therefore holographic. Second, the conventional entanglement entropy is a UV cutoff dependent quantity that diverges in the continuum limit. It is a one-loop correction to the black hole entropy [29] and reproduces it completely only in the context of induced gravity [30] . In our case, the entanglement entropy of two AdS 2 Rindler spaces is a cutoff independent finite quantity that gives the correct result. It seems that AdS 2 naturally introduces a finite (and correct) cutoff. Third, conventional entanglement entropy depends on the type and number of quantum fields that are assumed to live near the horizon which leads to the species problem. In our case, we do not need to know the degrees of freedom on the AdS 2 boundary to compute the entanglement entropy of the two AdS 2 Rindler spaces since it is given by that of a specific AdS 2 black hole.
Clearly, there is no species problem.
It has been shown that the near horizon region with the geometry of Rindler space can be described by a CFT that reproduces Schwarzschild black hole entropy [31, 32, 33] . The results of this paper provide an alternative description of black hole entropy in terms of degrees of freedom that live at infinity. These two descriptions differ by the replacement of Rindler space by AdS 2 Rindler space.
Both of these theories are described by 2D CFTs (even though AdS 2 Rindler space is holographic and has a dual description in terms of the one dimensional boundary theory). Rindler space is related to a AdS 2 Rindler space by a coordinate and Weyl transformation [14] . It is tempting to think that the black hole is described by both of these theories which are connected by a renormalization flow from infinity to the horizon.
